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Resumen
En este trabajo se presenta un método no 
paramétrico general de simulación estocástica 
conjunta de propiedades petrofísicas utilizando 
la cópula Bernstein. Este método consiste 
básicamente generar simulaciones estocásticas 
de una determinada propiedad petrofísica 
(variable primaria) modelando la dependencia 
empírica subyacente con otras propiedades 
petrofísicas (variables secundarias), mientras 
también es reproducida la dependencia espacial 
de la primera.
Este enfoque multivariado provee una herramienta 
PX\ ÀH[LEOH SDUD PRGHODU ODV FRPSOHMDV UH
laciones de dependencia de las propiedades 
petrofísicas. Tiene varias ventajas sobre otros 
métodos tradicionales, ya que no se limita al caso 
de la dependencia lineal entre las variables, y 
tampoco requiere de la suposición de normalidad 
\RH[LVWHQFLDGHPRPHQWRV
En este trabajo este método es aplicado para 
VLPXODUXQSHU¿OGHSHUPHDELOLGDGXWLOL]DQGROD
porosidad vugular y velocidad de onda de corte 
(Ondas S) como covariables, en una formación 
carbonatada de doble porosidad a escala de 
pozo. Los valores simulados de la permeabilidad 
muestran un alto grado de precisión en 
comparación con los valores reales.
Palabras clave: permeabilidad, porosidad, 
velocidad de onda de corte, dependencia 
multivariada, cópula de Bernstein, simulación 
geoestadística.
Abstract
This paper introduces a general nonparametric 
method for joint stochastic simulation of 
petrophysical properties using the Bernstein 
copula. This method consists basically in 
generating stochastic simulations of a given 
petrophysical property (primary variable) 
modeling the underlying empirical dependence 
with other petrophysical properties (secondary 
variables) while reproducing the spatial 
GHSHQGHQFHRIWKH¿UVWRQH
This multivariate approach provides a very 
ÀH[LEOHWRROWRPRGHOWKHFRPSOH[GHSHQGHQFH
relationships of petrophysical properties. It 
has several advantages over other traditional 
methods, since it is not restricted to the case 
of linear dependence among variables, it does 
not require the assumption of normality and/or 
H[LVWHQFHRIPRPHQWV
In this paper this method is applied to simulate 
rock permeability using Vugular Porosity and 
6KHDU:DYH9HORFLW\6:DYHVDVFRYDULDWHVLQ
D FDUERQDWH GRXEOHSRURVLW\ IRUPDWLRQ DWZHOO
log scale. Simulated permeability values show a 
high degree of accuracy compared to the actual 
values.
Key words: permeability, porosity, shear wave 
velocity, multivariate dependence, Bernstein 
copula, geostatistical simulation.
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Introduction
,QWHJUDWHG 5HVHUYRLU 0RGHOLQJ ,50 LV WKH
most accepted way to obtain the spatial 
distribution of petrophysical properties in 
RLO¿HOGV &RVHQWLQR$Q LPSRUWDQWDQG
common task performed in this method is the 
estimation of permeability, because it is well 
known that this petrophysical property is quite 
LQIRUPDWLYH DERXW WKH RLO ÀX[ SDWWHUQV LQ D
UHVHUYRLU+RZHYHULWLVGLI¿FXOWWRREWDLQGLUHFW
information about permeability, and therefore 
LW LV QHFHVVDU\ WR¿QGPRGHOV RI GHSHQGHQFH
with another petrophysical property (such as 




The linear regression approach is the 
most common way to model permeability 
values using other petrophysical properties 
as covariates (Balan et al., 1995). To meet 
the requirement of linearity it is common to 
perform transformations which imply that the 
¿QDO UHVXOW FRXOG EH ELDVHG ZKHQ LW LV EDFN
transformed; there are approaches that, in 
RUGHU WR ¿W OLQHDU PRGHOV DSSO\ ORJDULWKPLF
transformations to induce this behavior, for 
H[DPSOH WR XVH WKH &RNULJLQJ PHWKRG LW LV
necessary to have a linear relationship since 
it requires the linear corregionalization model 
6DQMD\DQG-RXUQHO
The main disadvantage of linear dependency 
models is their lack of ability to capture and 
PRGHOWKHGHSHQGHQFHVWUXFWXUHRUSDWWHUQ$O
Harthy et al. 2005). In other words, traditional 
PHWKRGVFDQQRWFDSWXUHWKHFRPSOH[YDULDELOLW\
of data, in terms of variance or standard 
deviation; hence, the predicted permeability 
ZLOOQRWUHSURGXFHH[WUHPHYDOXHVRI WKHUHDO
data. In other words, these approaches will not 
be able to represent impermeable barriers or 
KLJKSHUPHDELOLW\]RQHVDQGIURPDÀXLGÀRZ
point of view this aspects are the most important 
characteristics that determine the patterns of 
ÀXLGPRYHPHQW,QWKLVFRQWH[WWKHSUHGLFWHG
SHUPHDELOLW\ SUR¿OH XVLQJ OLQHDU HVWLPDWRUV
ZLOOQRWEHDQHIIHFWLYHDSSUR[LPDWLRQGXH WR
its oversmoothing nature.
2Q WKH RWKHU KDQG PRGHOIUHH IXQFWLRQ
HVWLPDWRUV OLNH DUWL¿FLDO QHXUDO QHWZRUNV DUH
YHU\ ÀH[LEOH WRROV WKDW KDYH EHHQ XVHG WR
model permeability. However, neural networks 
have some disadvantages too. First, the 
training process has to be done with caution 
and can be a lengthy process. The good results 
obtained by this technique are reached using a 
comprehensive training data set, which is not 
always available. On the other hand, failing in 
correctly calibrating the network may result 
LQDEHUUDQWUHVXOWV$QRWKHUSRLQWWRWDNHLQWR
consideration is that the methodology is not 
yet an “off the shelf” application and requires 
H[SHUWLVH E\ WKH JHRVFLHQWLVW &RVHQWLQR
2001).
$QRWKHUDOWHUQDWLYHDUH%D\HVLDQPHWKRGV
however, the traditional framework of the 
Bayesian analysis is based on the multivariate 
normal distribution where the lower and upper 
WDLOVDUHV\PPHWULFDO$UPVWURQJet al
proposed an alternative Bayesian analysis that 
LV EDVHG RQ $UFKLPHGHDQ FRSXODV ZKHUH WKH
joint distribution does not have to be normal 
DQG WKHUH LVÀH[LELOLW\ WRKDYHD ORZHU WDLORU
XSSHU WDLO GHSHQGHQFH EDVHG RQ WKH VSHFL¿F
type of copula.
Constructing numerical models of the 
reservoir that honor all available data (core 
measurements, well logs, seismic and geological 
interpretations, etc.) having sparse knowledge 
of rock properties, leads us to consider the 
VWRFKDVWLF VLPXODWLRQ DSSURDFK 'HXWVFK
1992). This is not a new concept (Haldorsen 
DQG 'DPVOHWK  -RXUQHO DQG $ODEHUW
1990), stochastic models of physical systems 
DUHXVHGH[WHQVLYHO\LQPDQ\GLVFLSOLQHV
Stochastic simulation is the process of 
building alternate, equally probable models of 
the spatial distribution of a random function. 
It is said that a simulation is conditional if the 
resulting realizations honor the raw data values 
at their locations. The most straightforward 
algorithms for generating realizations of a 
PXOWLYDULDWH *DXVVLDQ ¿HOG LV SURYLGHG E\
Sequential Gaussian Simulation (SGS) and 
Sequential Indicator Simulation (SIS), which 
DUH H[WHQVLYHO\ XVHG WR SHUIRUPSHUPHDELOLW\
simulations (Holden et al. 1995). However 
despite of their improvements (Journel and 
=KX6XUR3HUH]WKHVHPHWKRGV
are limited to cases when the spatial continuity 
LV FKDUDFWHUL]HG E\ VWDWLRQDU\ WZRSRLQW
VWDWLVWLFV DQG WR GDWD WKDW LV GH¿QHG RQ WKH
VDPHVXSSRUW'HXWVFK
$FRPSHWLWLYHDQGPRUHV\VWHPDWLFPHWKRG
for predicting permeability may be achieved by 
applying stochastic joint simulations, in which 
WKHFRUUHFWVSHFL¿FDWLRQRIGHSHQGHQFHSDWWHUQ
between petrophysical properties is crucial 
'HXWVFK DQG &RFNHUKDP  $FFRUGLQJ
WR 'HXWVFK WKLV DSSURDFK EDVLFDOO\ FRQVLVWV
of an annealing geostatistical cosimulation of 
SRURVLW\SHUPHDELOLW\ XVLQJ WKHLU HPSLULFDO
joint distribution.
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$ PRGL¿FDWLRQ RI 'HXWVFK¶V PHWKRGRORJ\
ZDV SUHVHQWHG E\ 'tD]9LHUD DQG &DVDU
González, (2005). Here, it was proposed the 
XVH RI D ELYDULDWH WFRSXOD WR FRQVWUXFW WKH
joint distribution function between porosity 
and permeability rather than use the joint 
distribution function of the sample data, the 
GHSHQGHQFHVWUXFWXUHZDVVSHFL¿HGE\PDWFKLQJ
FRQFRUGDQFH PHDVXUHV VXFK DV .HQGDOO¶V Ĳ
DQG 6SHDUPDQ¶V Ǐ 7KH DERYH PHWKRGRORJ\




:KLOH 'tD]9LHUD DQG &DVDU*RQ]iOH]
proposal can reproduce adequately the 
REVHUYHGGDWDDQGDOVRWKHLUH[WUHPHYDOXHV
XVLQJDWFRSXODWKHFULWLFDOSUREOHPLVWKDWWKH
applied copula is parametric, and consequently, 
it is based on a given distribution function, 
WKH VWXGHQW W ,Q WKDW VHQVH H[SHFWLQJ D
single copula family to be able to model any 
kind of dependency relationship seems to be 
too restrictive, at least for the petrophysical 
properties under consideration. It does not 
mean that parametric copulas have not 
practical use. It means that petrophysical 
properties modeling, where dependence 
VWUXFWXUHFDQEHFRPSOH[RUQRQOLQHDUXVLQJ
parametric copulas could be available but in a 
very complicated form, Sancetta and Satchell 

The copula approach has been successfully 
used to model dependence patterns in few 
DUHDV RI RLO LQGXVWU\ IRU H[DPSOH IRU ¿HOG
GHYHORSPHQW GHFLVLRQ SURFHVV $FFLRO\ DQG
&KL\RVKL  RU WR PRGHO GHSHQGHQFH LQ
SHWUROHXP GHFLVLRQ PDNLQJ $O+DUWK\ et al. 
2005). 
In a recent work we use the copula 
approach to model the bivariate dependence 
between petrophysical properties in a 
FRPSOHWH QRQSDUDPHWULF IDVKLRQ +HUQiQGH]
0DOGRQDGRet al. 2012), it means we did not 
impose a priori a parametric joint distribution 
function to characterize the dependence 
structure of the sample; instead, we used a 
bivariate Bernstein copula function to model 
the intrinsic distribution of data values. In 
this work we introduce a multivariate method 
for estimating empirical dependence among 
several petrophysical properties using a 
nonparametric copula. The dependency 
model obtained is then used to stochastically 
simulate one property (primary variable) given 
other ones (secondary variables). Here, we 
apply a method widely used in geostatistics, 
WKH 6LPXODWHG $QQHDOLQJ PHWKRG ZKLFK LV D
global optimization framework where we can 
add restrictions to simulation. In this case, in 
addition of using multivariate dependence by 
sampling the empirical copula model, a spatial 
correlation function (a variogram) for the 
VHFRQGDU\ YDULDEOH LV LPSRVHG $GGLWLRQDOO\
if any raw data of the primary variable is 
DYDLODEOH LW FDQ EH H[DFWO\ KRQRUHG WKDW LV
the method can be conditional.
In this paper this method is applied to 
simulate rock permeability using a trivariate 
copula model where permeability is described 
by Vugular Porosity and Shear Wave Velocity. It 
is introduced a two stage simulation method in 
a multivariate fashion to model stochastically 
the spatial distribution of permeability at 
well log scale. Conditional and nonconditional 
simulations, and the median of simulations are 
performed in order to show the results that this 
method provides; also it is established that, as 
far as more descriptive variables integrate the 
Bernstein copula it will reproduce permeability 
values in a very precise form, consequently 
it will not be necessary to perform many 
simulations to reduce small scale variability. 
Brief introduction to multivariate copulas
The main disadvantage of dependency models 
based on a linear regression approach is 
their lack of ability to capture and model 
PRUH JHQHUDO GHSHQGHQFH VWUXFWXUH $V DQ
alternative a copula can model the joint 
distribution of petrophysical properties in better 
ways. The essence of the copula approach is 
that a joint distribution of random variables 
FDQEHH[SUHVVHGDVDIXQFWLRQRIWKHPDUJLQDO
GLVWULEXWLRQV$O+DUWK\et al., 2005). 
$FFRUGLQJ WR 6NODU¶V WKHRUHP 6NODU
1959), the underlying copula associated to 







represents a functional link between the joint 


































 LQ WKH H[WHQGHG UHDO
numbers system, where C:[0, 1]m o[0, 1] 





 are continuous random variables. 
Therefore, all the information about the 
GHSHQGHQFH EHWZHHQ FRQWLQXRXV UDQGRP YD
riables is contained in their corresponding 
copula. Several properties may be derived 
for copulas (Nelsen, 2006), and among them 
9+HUQiQGH]0DOGRQDGR*0'tD]9LHUDDQG$(UGHO\
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 are independent 
continuous random variables if and only if their 















































where stands for an indicator function which 
takes value whenever its argument is true, and 
RWKHUZLVH,WLVZHOONQRZQ%LOOLQJVOH\
that the empirical distribution Fj is a consistent 
estimator of F
j
 that is, F
j
 that is Fj(t) is a 
converges almost surely to F
j
(t) as n of all t.
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and its convergence to the true copula  has 
also been proved (Fermanian et al 
The empirical copula is not a copula, since it is 
RQO\GH¿QHGRQD¿QLWHJULGQRWLQWKHZKROH
unit hypercube [0, 1]nEXWE\6NODU¶V7KHRUHP
(Sklar, 1959) CnPD\EHH[WHQGHGWRDFRSXOD
6NODU¶V WKHRUHP LV FRPSOHWHO\JHQHUDO DQG
a joint distribution function can be constructed 
using the copula function. The copula separates 
the marginal distributions from correlation and 
the copula itself can capture the dependence 
structure. This is an essential property of 
copulas. 
$JHQHUDOH[DPSOHRIDPXOWLYDULDWHFRSXOD
model that describes the relationship of 





















There are different classes and families of 
copulas but, for this study, we will work with 
the Bernstein copula, which is a nonparametric 
copula since it is a nonparametric smoothing 
based on the empirical copula.
Joint stochastic simulation method using 
a multivariate Bernstein copula
The method presented here basically consists 
in generating a stochastic simulation of a 
primary variable, where the joint distribution 
function of its covariates is modeled using a 
nonparametric copula. In other words, the 
spatial dependence and dependence pattern 
between variables are decoupled; in this 
FRQWH[W WKH %HUQVWHLQ FRSXOD RQO\ PRGHOV
the dependence between variables and the 
spatial dependence is modeled by a variogram 
DSSO\LQJWKH6LPXODWHG$QQHDOLQJPHWKRG
%DVLFDOO\ WKLV SURSRVDO LV D WZRVWDJH
PRGHOLQJDOJRULWKPPHWKRG¿UVWWKHSDWWHUQ
relationship between petrophysical properties 
under study; and second, the spatial structure. 
,QWKH¿UVWVWDJHLWLVPRGHOHGWKHGHSHQGHQFH
structure of petrophysical properties using 
a multivariate nonparametric copula (the 
Bernstein copula), then a geostatistical 
simulation of primary variable is performed 
using simulated annealing technique, whose 
objective function is the variogram model 
'HXWVFK DQG &RFNHUKDP  $ GHWDLOHG
description of each step of the algorithm will 
be described.
Multivariate Bernstein Copula Modeling.
Each petrophysical property is modeled as an 
absolutely continuous random variable X with 
unknown marginal distribution function F. For 
simulation of continuous random variables, the 
use of the empirical distribution function (2) 
is not appropriate since Fj is a step function, 
and therefore discontinuous, so a smoothing 
technique is needed. Since our main goal is to 
simulate a primary variable using more than 
one descriptive variable, it will be better to have 
a smooth estimation of the marginal quantile 
function Q(u) = F-1(u) = inf{x:F(xu`u 
which is possible by means of Bernstein 
SRO\QRPLDOVDVLQ0XxR]3pUH]DQG)HUQiQGH]
Palacín (1987).
 Q u x x
n
k












For a smooth estimation of the underlying 
copula we make use of the Bernstein copula 
6DQFHWWDDQG6DWFKHOO6DQFHWWD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) in the unit hypercube 









,...,  is the empirical 
FRSXODGH¿QHGLQ
)RUH[DPSOHWKHWULYDULDWH%HUQVWHLQFRSXOD
model derived from (6) is:



















                 








Sampling algorithm of a Bernstein copula 
model





joint distribution function H and underlying 
copula C we need to generate an observation 
of uniform (0, 1) random variables (U, V) 
whose joint distribution function is C and 
then transform those uniform variables as in 
step 3 of the sampling bivariate algorithm. 
For generating such pair (u, v) it is used a 
conditional distribution method, this method 
needs the conditional distribution function for 











where  is the bivariate Bernstein copula 
model, obtained by (6).
To simulate replications from the random 
vector with the dependence structure estimated 









)} it is applied the following algorithm: 
Sampling bivariate algorithm:
1.Generate two independent and continuous 
Uniform (0,1) random variates u and t
2.Set v = c
u
-1 (t); where c
u
LVGH¿QHGLQ
3.The desired pair is ( , ) ( ( ), ( ))x x Q u R vn n1 2     
where Qn  and Rn  according to (5), are the 






For the multivariate case we must 
solve equations that represent conditional 
distribution functions for W given U=u,V=v.
To simulate replications from the random 
vector with the dependence structure estimated 















1.Generate three independent and continuous 




























( , , )
( , , )1
 (10)
where is the trivariate Bernstein copula model 
(8).
7KH GHVLUHG YHFWRU LV
x x x Q u R v H wn n n1 2 3, , , ,( ) = ( ) ( ) ( )( )    where  Q u R vn n( ) ( ),  and,  according to (5), are 
the estimated and smoothed quantile functions 
of X1,X2 y X3, respectively.
Simulated Annealing method.
To perform stochastic simulations of a primary 
variable it is applied a method widely used in 
JHRVWDWLVWLFVWKH6LPXODWHG$QQHDOLQJPHWKRG
which is a global optimization framework 
where we can add restrictions to simulation. 
In this case, in addition of using multivariate 
dependence by sampling the copula model, a 
spatial correlation function (a variogram) for 
WKHVHFRQGDU\YDULDEOHLVLPSRVHG$GGLWLRQDOO\
if any raw data of the primary variable is 
DYDLODEOH LW FDQ EH H[DFWO\ KRQRUHG WKDW LV
the method can be conditional.
$PRUHGHWDLOHGH[SODQDWLRQRIHDFKVLQJOH
step of simulated annealing method, as well 
DVWHFKQLFDOWHUPLQRORJ\FDQEHIRXQGLQ'UpR
et al'DIÀRQHWDODE
'DIÀRQ DQG %DUUDVK  +HUQiQGH]
0DOGRQDGRet al 'HXWVFK  ,Q
WKLVZRUNZHZLOOMXVWEULHÀ\PHQWLRQLWVVWHSV
D*HQHUDWLQJ DQ LQLWLDO FRQ¿JXUDWLRQ
NQRZQDV³VHHG ´$QLQLWLDOFRQ¿JXUDWLRQLVWKH
starting point of the simulation, also, it can be 
9+HUQiQGH]0DOGRQDGR*0'tD]9LHUDDQG$(UGHO\
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considered as a “possible solution” of the spatial 
disposition of the primary variable. There are 
VRPH ZD\V RI SURSRVLQJ WKLV FRQ¿JXUDWLRQ
VHH'HXWVFK 'UpRHWDO 2QH
of most popular of them is just proposing 
random numbers with uniform distribution. 
We decided to use the multivariate Bernstein 
copula sampling algorithm (section 3.1.1) to 
obtain this starting point in order to have a 
EHWWHUDSSUR[LPDWLRQRIWKH¿QDOVROXWLRQ
E'H¿QLQJ WKH REMHFWLYH IXQFWLRQ 6LQFH
we use the Bernstein copula we do not 
have to include univariate histograms into 
the objective function because they are 
reproduced automatically; in the same way, 
as Bernstein copula models the dependence 
structure between variables, it is not necessary 
WR LQFOXGHQHLWKHUDFRUUHODWLRQFRHI¿FLHQW ,Q
other words, in order to satisfy the spatial 
distribution of the primary variable, we are able 
to propose an objective function that consists 
only in one term (11) the variogram function
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F0HDVXULQJWKHLQLWLDOFRQ¿JXUDWLRQHQHUJ\
By (12), it is calculated the variogram of the 
LQLWLDOFRQ¿JXUDWLRQDQGLWLVFRPSDUHGWRWKH
YDULRJUDPRI WKH UHDO FRQ¿JXUDWLRQ  WKLV
value is the energy of the starting point, and 
the main idea is that it must be decreased 
GXULQJWKHVLPXODWLRQSURFHGXUHVHH'HXWVFK
(2002). This step gives us an idea of the 
seed´s quality, if we use random numbers to 
generate it, its measured energy will be very 
high, however, as long as this method uses a 
sample given by the Bernstein copula the initial 
HQHUJ\LVVLJQL¿FDQWO\VPDOO
d.Obtaining the initial temperature and the 
annealing schedule. The initial temperature is 
obtained by (13):
The annealing schedule is obtained following 
WKHSURFHGXUHSURSRVHGE\'UpRHWDO
e.Ending up a realization. The simulation 
ends whenever the objective function error 
is reached, or an accumulation of 3 stages 
ZLWKRXWFKDQJHRFFXUVRUZKHQWKHPD[LPXP
number of attempted perturbations is reached.
It is shown a diagram of the method to 
perform multivariate stochastic simulations in, 
Figure1.
Case study
It will be modeled the Permeability of double 
porosity carbonate formations of a South 
)ORULGD$TXLIHU LQ WKHZHVWHUQ+LOOVERUR%DVLQ
of Palm Beach County, Florida. Based in the 
algorithm described in Section 3, we propose 
D FRSXODEDVHG DSSURDFK WR PRGHO WKH
relationship between permeability, porosity 
DQG 6KHDU :DYH 9HORFLW\ 6ZDYHV 7KH
dependency model obtained will be then used 
to stochastically simulate permeability using 
Porosity and Shear Wave velocity.
Data description
The characterization of this aquifer for the 
ERUHKROH DQG¿HOG VFDOHV LV JLYHQ LQ 3DUUDet 
al. (2001), Parra and Hackert (2002), and 
a hydrogeological situation is described by 
Bennett et al. (2002). The interpretation 
Figure 1. 'LDJUDP RI WKH WZRVWDJH PHWKRG WR
perform multivariate stochastic simulations using 
multivariate Bernstein copula.
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Figure 2. Crack porosity (PHICR), vuggy porosity (PHIV), total porosity (PHITOT) and permeability (K).
of the borehole data, the determination 
RI WKH PDWUL[ DQG VHFRQGDU\ SRURVLW\ DQG
VHFRQGDU\SRUH W\SHV VKDSHV RI VSKHURLGV
DSSUR[LPDWLQJ VHFRQGDU\ SRUHV ZHUH
presented by Kazatchenko et al. (2006), where 
to determine the pore microstructure of aquifer 
carbonate formations the authors applied the 
petrophysical inversion technique that consists 
in minimizing a cost function that includes the 
sum of weighted square differences between 
WKHH[SHULPHQWDOO\PHDVXUHGDQGWKHRUHWLFDOO\
calculated logs as in Kazatchenko et al
In this case the following well logs were 
used for joint simultaneous inversion as input 
GDWD UHVLVWLYLW\ ORJ WUDQVLW WLPHV RI WKH 3
DQG 6ZDYHV DFRXVWLF ORJ WRWDO SRURVLW\
(neutron log), and formation density (density 
log). To calculate the theoretical acoustic and 
UHVLVWLYLW\ ORJV WKH GRXEOHSRURVLW\PRGHO IRU
describing carbonate formations was applied: 
Kazatchenko et al. (2006).
This model treats carbonate rocks as 
a composite material that consists of a 
KRPRJHQHRXV LVRWURSLFPDWUL[ VROLG VNHOHWRQ
DQGPDWUL[SRUHV\VWHPZKHUHWKHVHFRQGDU\
pores of different shapes are embedded. 
7KH VHFRQGDU\ SRUHV ZHUH DSSUR[LPDWHG
by spheroids with variable aspect ratios 
to represent different secondary porosity 
W\SHV YXJV FORVHWRVSKHUH VKDSHV TXDVL
vugs (oblate spheroids), channels (prolate 
VSKHURLGV DQG PLFURIUDFWXUHV ÀDWWHQHG
spheroids) Kazatchenko et al. (2006).
We used the results of inversion obtained 
by Kazatchenko et al. (2006) for carbonate 
IRUPDWLRQVRI6RXWK)ORULGD$TXLIHUWKDWLQFOXGHV
the following petrophysical characteristics: 
PDWUL[SRURVLW\ VHFRQGDU\YXJXODUDQG FUDFN
porosities (Figure 2). 
7KH VHFRQGDU\SRURVLW\ V\VWHP RI WKLV
IRUPDWLRQ KDV FRPSOH[ PLFURVWUXFWXUH DQG
corresponds to a model with two types of 
SRUHVKDSHVFUDFNVÀDWWHQHGHOOLSVRLGVZLWK
the overall porosity of 2% and vugs (close 
to sphere) with the porosity variations in the 
UDQJHRI
Statistical data analysis.
Given multivariate data, it is common to start 
FKRRVLQJ DV H[SODQDWRU\ YDULDEOHV WKRVHZKR
H[KLELW KLJKHU GHSHQGHQFH ZLWK WKH YDULDEOH
WKDW LV WR EH H[SODLQHG :H PHDVXUHG WKH
dependence between the petrophysical 
SURSHUWLHVLQWHUPVRIWKHGHSHQGHQFHLQGH[ĭ
SURSRVHGE\+RHIIGLQJZKLFKVDWLV¿HV
all desirable properties for a dependence 
measure for continuous random variables, see 
Nelsen (2006).
)URP DOO SRVVLEOH H[SODQDWRU\ YDULDEOHV
3+,727 3+,0$7 3+,&5 3+,9 96 0HDV
93 PHDV IRU SHUPHDELOLW\ . IRU WKH ¿UVW
H[SODQDWRU\ UDQGRP YDULDEOH LW ZDV FKRVHQ
relative vugular porosity (PHIV) since it 
H[KLELWHG WKH KLJKHVW GHSHQGHQFH ) (PHI, 
K)=0.71 (on a [0,1] scale). In choosing a 
VHFRQG H[SODQDWRU\ UDQGRP YDULDEOH ZH
need, in addition, to have a high dependence 
with permeability, and the lowest possible 
GHSHQGHQFHZLWKWKH¿UVWH[SODQDWRU\YDULDEOH
(PHIV), otherwise it would mean that it is 
TXLWHVLPLODUWRLWDQGLWZLOODGGQRVLJQL¿FDQW
LQIRUPDWLRQ WRZKDW WKH¿UVWRQHDOUHDG\FDQ
provide. Under this criteria, the second best 
choice was Share Wave Velocity (VS meas), 
9+HUQiQGH]0DOGRQDGR*0'tD]9LHUDDQG$(UGHO\
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Figure 3. Scatter plot distribution 
and histograms of PHIV and K of real 
data values.
data taken from Kazatchenko et al. (2006), 
it shows their bivariate distribution. In Figure 
 LW LV VKRZQ D VFDWWHUSORW GLVWULEXWLRQ DQG
histograms of VS meas–K data values
Bernstein Copula Model.
It is modeled the trivariate Bernstein Copula 
using relative vugular porosities (PHIV), Shear 
:DYH9HORFLW\96PHDV YHORFLW\RI6ZDYHV







, with unknown 







, see (2). Observations of this random 
vector were obtained from Kazatchenko et al. 
(2006).
We use (2) to estimate the empirical 
distribution function for each variable; however; 
Table 1. 'HSHQGHQFHLQGH[)+RHIIGLQJ
IRU SRVVLEOH H[SODQDWRU\ YDULDEOHV 3+,727
3+,0$73+,&53+,9960HDV93PHDV
with ) (VS meas, K) = 0.60 and ) (PHIV, VS 
meas) = 0.55
7DEOH  VKRZV DOO GHSHQGHQFH LQGH[)of 
H[SODQDWRU\ YDULDEOHV WKDW DUH WKH UHVXOWV
of inversion obtained by Kazatchenko et 
al  7RWDO SRURVLW\ 3+,727 0DWUL[
SRURVLW\ 3+,0$7 &UDFN SRURVLW\ 3+,&5
Vugular porosity (PHIV), Share Wave Velocity 
960HDV3:DYHYHORFLW\93PHDV
,QWDEOHH[SODQDWRU\YDULDEOHVDUHVKRZQ
XVLQJ WKLV LQIRUPDWLRQ ZH FRQ¿UP WKDW 3+,9
has the highest dependence, but following the 
order of this table we should use as second 
H[SODQDWRU\YDULDEOH3+,727:HGLGQRWPDNH
this choice because, as we said before, a second 
H[SODQDWRU\ YDULDEOH QHHGV WR KDYH D KLJK
dependence with permeability, and the lowest 
SRVVLEOHGHSHQGHQFHZLWKWKH¿UVWH[SODQDWRU\




variable; it means we must pay attention to the 
¿UVWOLQHRIWDEOHDQGVHOHFWWKHYDULDEOHZLWK
the lowest dependence to PHIV. It should be 
PHICR but in Table 1 we see that this property 
offers poor information about K. Finally, we 
PD\FKRRVH93PHDVEXW960HDVH[SODLQV.
in some better way (Table 1).
,Q )LJXUH  LW LV VKRZQ D VFDWWHUSORW
distribution and histograms of PHIV–K sample 
 ([SODQDWRU\ &RUUHVSRQGLQJ





 VP meas 0.55
 PHICR 0.16
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Table 2. +RHIIGLQJ GHSHQGHQFH LQGH[)PDWUL[ IRU SRVVLEOH H[SODQDWRU\ YDULDEOHV 3+,727
3+,0$73+,&53+,9960HDV93PHDV
in order to model them as continuous random 
variables they should be smoothed using (5), 
since (2) is not appropriate because Fj is a 
step function and therefore discontinuous. The 
trivariate Bernstein copula model (8) will be 
used to sample data to stochastically simulate 
permeability.
Sampling from Bernstein copula.
In Figure 5 (left side) it is shown a scatterplot 
distribution and histograms of porosity–
permeability real data (sample size of ) taken 
from Kazatchenko et al$WWKHFHQWHU
RI WKH VDPH ¿JXUH LW LV VKRZQ D WULYDULDWH
simulation of permeability values using vugular 
SRURVLW\DQGVKHDUZDYHYHORFLW\DVH[SOLFDWLYH
variables. If we do not label these two scatter 
SORWV LWZRXOG EH GLI¿FXOW WR NQRZZKLFK RQH
of them is the original one. In this case the 
multivariate Bernstein copula provides an 
acceptable the dependence structure for 
FRQWLQXRXVYDULDEOHVZLWKFRPSOH[UHODWLRQVKLS
The right side of Figure 5 shows 3800 simulated 
values of permeability, according to some 
analysis, it shows more clearly percolation 
patterns.
Permeability simulations and discussion.
In this section spatial simulation will be 
performed using simulated annealing 
technique. Since multivariate dependence is 
modeled by the Bernstein copula, a spatial 
correlation function (the variogram) will be 
used as an objective function in the annealing 
algorithm.
:HSURSRVHDFRSXODEDVHGQRQSDUDPHWULF
approach and simulated annealing technique to 
model the spatial distribution of permeability 
using as secondary variables, porosity and 
VKHDU ZDYH YHORFLW\ 6ZDYHV ,Q )LJXUH
6 we can see a single nonconditional spatial 
simulation of permeability (K) in terms of depth. 
$VZHQRWH WKH VLPXODWLRQ EOXH OLQH IROORZV
very close the real data behavior (red line), 
this is because we introduce more descriptive 





. JLYHQ YDOXHV RI WKH H[SODQDWRU\ YDULDEOHV
3+,9 DQG 96 PHDV ZH FDOFXODWHG WKH 0HDQ
6TXDUHG(UURU06(LQHDFKFDVH






































The simulated values of log K, given PHIV 





DQG &DVDU*RQ]iOH]PHWKRG ZKHUH WKH 06(
YDOXHLVGHWDLOVDUHVKRZQLQ+HUQDQGH]
0DOGRQDGRet al)LQDOO\WKH06(YDOXH
for the trivariate copula simulation is lower 
WKDQ WKH 06( YDOXH RI WKH ELYDULDWH FRSXOD
simulation (log K | PHIV)FRQVHTXHQWO\LW
means that trivariate simulation has the best 
¿WWHGYDOXHV
+RHIIGLQJLQGH[) 3+,9 3+,727 3+,0$7 3+,&5 960HDV 93PHDV
 3+,9      
 3+,727      
 3+,0$7      
 PHICR    1 0.31 0.20
 960HDV      
 VP meas      1
9+HUQiQGH]0DOGRQDGR*0'tD]9LHUDDQG$(UGHO\
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In terms of histograms, scatterplots and 
variograms, the proposed method shows very 
good agreement with the original data values. 
$VZHDUHXVLQJWKUHHYDULDEOHVWKHVFDWWHUSORWV
RISHUPHDELOLW\FDQEHVHHQLQWHUPVRI.3+,9
)LJXUH  DQG .6ZDYHV )LJXUH  7KH
scatterplots of the original data values are 
VKRZQLQ)LJXUHDQG)LJXUHUHVSHFWLYHO\
The variogram of the simulation (Figure 
DQG LWV ¿WWHGPRGHO 7DEOH DOVR VKRZV
good agreement with respect to real data 
(Figure 10). We can note that both variograms 
are almost equal, but in a detailed view, the 
empirical variogram of the simulated values is 
a little softer than the original one.
$V ZH FRXOG DQWLFLSDWH WKH GHSHQGHQFH
structure between these three petrophysical 
SURSHUWLHV LV ZHOO UHSUHVHQWHG 7KH H[WUHPH
values, and in general, all of most important 
statistics are quite well reproduced, (Figure 
,QRUGHUWRUHGXFHVPDOOVFDOHYDULDELOLW\
seen in Figure 6, a median of 10 nonconditional 
6$VLPXODWLRQVZDVSHUIRUPHG)LJXUH2QFH
again, the spatial structure, the histograms 
DQGWKH6FDWWHUSORWUHSURGXFWLRQVKRZVDYHU\
good agreement respecting to real data, see 
DOVR)LJXUHDQG)LJXUH
In Figure 12 we can see that for small 
values of K the simulation is not following 
real data values too closely, there are two 
Figure 4. Scatter plot distribution 
and histograms of PHIV and K of real 
data values.
Figure 5. Scatter plot between Porosity and Permeability. Left, the 380 data values. Center, 380 simulated 
values using trivariate Bernstein copula. Right, 3800 simulated values.
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Table 3. 9DULRJUDPV0RGHOVRIWKHGDWDYDOXHVDQGVLQJOHQRQFRQGLWLRQDO6$VLPXODWLRQ
Figure 6. Single nonconditional simulation of permeability (K), using porosity and shear wave velocity (VS 
meas) as secondary variables.
Figure 7. Scatter plot and histograms 
of PHIV and K (Simulated values).
&RQ¿JXUDWLRQ 1XJJHW 6LOO 5DQJH
 'DWDYDOXHV  [ 
 6LQJOH6$QRQFRQGLWLRQDO6LPXODWLRQ  [ 
 0HGLDQRI6$QRQFRQGLWLRQDO6LPXODWLRQV  [ 
9+HUQiQGH]0DOGRQDGR*0'tD]9LHUDDQG$(UGHO\
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reasons. First, this “behavior” is observed in 
all simulation methods that were performed 
in order to compare the simulated values for 
WKHELYDULDWHFDVHRIWKLVSURSRVDO>+HUQDQGH]
0DOGRQDGR et al., (2012)]. In that work the 
most accurate results were shown by Bernstein 
copula. In this particular case is hard to have a 
simulation that follow too closely the behavior 
of the real data values, because there is very 
OLWWOHLQIRUPDWLRQ$QGVHFRQGWKLVLVDPHGLDQ
value of 10 different simulations, which means 
that each simulation has different degrees of 
accuracy, which is normal.
Figure 8. Scatter plot and histograms 
RI960HDVDQG.6LPXODWHGYDOXHV
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Figure 10. Estimated variogram and 
LWV ¿WWHGPRGHO IRU RULJLQDO . 'DWD
values).
Figure 11. Statistical comparison 
of to the original data and a single 
WULYDULDWH6$VLPXODWLRQ
Figure 12. 0HGLDQ
of 10 nonconditional 
simulation of perme
ability (K), using po
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Figure 15 shows the variogram of this 
VLPXODWLRQDQGLWV¿WWHGPRGHO,QFRQWUDVWWR
Figure 10 (real data values) we can see that 
this method represents very well, the spatial 
structure of permeability.
The values of the variogram model for 
a single simulation and the median of 10 
Figure 13. Scatter plot and histograms 
of PHIV and K simulated values (median 
of 10 simulations).
Figure 14. Scatter plot distribution 
DQG KLVWRJUDPV RI 96PHDV DQG .
simulated values (a median of 10 
simulations).
simulations are very close to the real data as 
well (Table 3). The same happens with their 
most important statistics (Figure 16).
8VLQJZHFDQVHHWKDWWKH06(YDOXHV
between the real data and these nonconditional 
VLPXODWLRQVDUHYHU\VLPLODU7DEOH,WLVDQ
indicative that it is not necessary to perform 
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DQ HI¿FLHQW DQG IDVW DOJRULWKP LQ WHUPV
of data storage and computing speed to 
implement a multidimensional copula. We 
SURSRVH D SURFHGXUH WR HI¿FLHQWO\ LPSOHPHQW
a multidimensional empirical copula. Shortly 
described, this procedure fundamentally 
solves the two main disadvantages of using 
nonparametric copulas: it avoids redundant 
calculation, which increases its speed and just 
needs to storage the most important values of 
the generated hypercube.
2IFRXUVH WKHPHWKRGFDQEHH[WHQGHG WR
more dimensions, but the purpose of the article 
is to show its application to a well log scale, 
where we have more control and better data 
quality. Its application to more dimensions will 
be the subject of future work.
Figure 15. Estimated variogram and 
LWV ¿WWHGPRGHO IRU VLPXODWHG . GDWD
values.
Table 4. 06( YDOXHV RI QRQFRQGLWLRQDO
simulations
The Bernstein copula (8) requires that 
the empirical copula be ready to be used all 
the time, hence, it is necessary to propose 
PDQ\ VLPXODWLRQV WR VPRRWK WKH VPDOOVFDOH
variability, and may be unnecessary.
Finally we perform conditional simulations 
DQG FRPSDUH WKH 06( YDOXHV LQ RUGHU WR
study the effect of different percentage of 
conditioning values. Figure 17 shows the results 
of the spatial distribution of the permeability 
in various percentages of conditioning values, 
from top to bottom order, it is conditioned to 
10 percent, 50 percent and 90 percent of the 
conditioning data values. Note that results are, 
graphically, very similar to real data and their 
06(YDOXHVDVZHOOVHH7DEOH7KLVVKRZV
that the proposed method in a multivariate 
fashion does not require big amounts of 
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Figure 17. Spatial distribution of permeability in single conditional simulations using PHIV and VS meas as 
secondary variables. Conditioning levels (in top to bottom order) 10 percent, 50 percent and 90 percent.
Figure 16: Statistical comparison 
of to the original data, and the 
PHGLDQRI6$VLPXODWLRQV
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Conclusions
From a methodological point of view, a 
multivariate copula approach provides a very 
ÀH[LEOH WRRO WR PRGHO FRPSOH[ GHSHQGHQFH
relationships of petrophysical properties, such 
as porosity, permeability and shear wave 
velocity, without imposing strong assumptions 
RI OLQHDULW\ RU ORJOLQHDULW\ DQGRU QRUPDOLW\
when we are modeling them as random 
variables.
$OO WKH LQIRUPDWLRQ DERXW WKH GHSHQGHQFH
structure is contained in the underlying copula, 
and its estimation is being used, instead of the 
H[WUHPH LQIRUPDWLRQ UHGXFWLRQ WKDW LV GRQH
by the use of numerical measures such as 
WKH OLQHDUFRUUHODWLRQFRHI¿FLHQWZKLFKXQGHU
the presence of nonlinear dependence may 
become useless and/or quite misleading, see 
Embrechts et al. (1999, 2003). For this reason 
LW LV YHU\ LPSRUWDQW WRH[WHQG WKHPHWKRG WR
higher dimensions, because if we have more 
WKDQ RQH UHOHYDQW H[SODQDWRU\ YDULDEOH ZH
may use this tool to take them into account.
The main advantage of the methodology 
used in this work is that it represents a 
straightforward way to perform nonparametric 
VLPXODWLRQVFRQGLWLRQDODQGQRQFRQGLWLRQDO$V
we have said in the results of the application 
of this method, including more than one 
H[SODQDWRU\ SHWURSK\VLFDO SURSHUW\ WR OHDGV
to more accurate results. Consequently, it will 
not be necessary to perform many simulations 
(Figure 6 vs. Figure 12) or conditioning with 
high quantities of data values (Figure 17) to 
obtain acceptable results (Table 5).
This method has an important improvement 
with respect to the bivariate case, not only 
because it provides better results, but also it 
reduces the number of simulations to decrease 
the small scale variability. In other words 
it is not necessary to perform 10 or more 
simulations. Even more, it is not necessary to 
have a great number of conditioning values; 
the conditioned simulations did not show a lot 
RIYDULDWLRQLQWHUPVRI06(YDOXHV
For future work, we think we can use 
D %HUQVWHLQ FRSXOD WR H[SORUH FRPSOH[
relationships between petrophysical properties 
DQGWKHQ¿WLISRVVLEOHDVHPLSDUDPHWULFJOXLQJ
FRSXOD 6LEXUJ DQG 6WRLPHQRY  $OVR
we consider we may use another optimization 
method which could give improved results, for 
H[DPSOHZHFDQLPSOHPHQWJHQHWLFDOJRULWKPV
RU(VWLPDWLRQRI'LVWULEXWLRQ$OJRULWKPV('$V
It is very important to remark that the use of 
PXOWLYDULDWHFRSXODVOHDGVWRVLJQL¿FDQWVHULRXV
computational challenges, for this reason it is 
necessary to propose better ways to calculate 
WKHPIRUH[DPSOHSDUDOOHOFRPSXWLQJ
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